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ON THE LATTICE STRUCTURE OF THE SPACE OF ALL BOCHNER
INTEGRABLE BANACH LATTICE-VALUED FUNCTIONS
OMID ZABETI
Abstract. Suppose (X,Σ, µ) is a finite measure space, E is a Banach lattice, and B(X,E, µ)
is the space of all Bochner integrable E-valued functions. In this note, we show that B(X,E, µ)
is a KB-space or has the sequential Fatou property if and only if so is E. Among this, some
results about Bochner integral convergence in B(X,E,µ), using order structure of E, have been
proved, as well.
1. motivation and preliminaries
Let us start with some motivation. Bochner integral is one of the best ways to generalize the
usual notion of integral ( Riemann integral or Lebesgue one) to vector-valued functions. So, it is
an enlightening line for research to discover different aspects of the space of all Bochner integrable
functions. Certainly, investigative properties depend on the structure of the underlying vector
space; for example, we can not expect order structure in the space of all Bochner integrable E-
valued functions when E is a Banach space, in general.
Let (X,Σ, µ) be a finite measure space and E be a Banach lattice. The space of all Bochner
integrable E-valued functions from X into E is denoted by B(X,E, µ). It is shown in [7, Theorem
2.5], it is a Banach lattice under norm ‖f‖ =
∫
X
‖f(w)‖dµ. For more expositions on this topic,
see [6, 7].
In this paper, we investigate whether B(X,E, µ) is a KB-space or is sequentially Fatou. More
precisely, we formally prove this holds exactly when E possesses the same property.
Let us again consider some motivation. Suppose that E is a Banach lattice. It is known that
in some classical function spaces such as ℓp for 1 ≤ p ≤ ∞ or c0, unbounded order convergence (
uo-convergence, in brief) for nets is as the same as pointwise convergence; in addition, in Lp(µ)-
spaces, uo-convergence for sequences and almost everywhere convergence agree. So, uo-convergence
is a generalization of coordinate-wise convergence in general Banach lattices; furthermore, for
order bounded nets, uo-convergence and order one coincide. So, it is of independent interest to
investigate some theorems such as the monotone convergence theorem which relies on the pointwise
convergence, by means of order convergence. Beside this, some attempts have been made to
generalize such theorems to monotone Banach lattice-valued functions using pointwise convergence
( recall that in some classical spaces, order convergence and coordinate-wise one agree); see [7,
Proposition 2.6]. In this paper, we try to generalize this result using unbounded order and order
convergences. For more details regarding Banach lattices, Bochner integral, and the related topics,
see [1, 6, 7].
Suppose E is a Banach lattice. Recall that for a net (xα) in E, if there is a net (uγ), possibly
over a different index set, with uγ ↓ 0 and for every γ there exists α0 such that |xα − x| ≤ uγ
whenever α ≥ α0, we say that (xα) converges to x in order, in notation, xα
o
−→ x. Moreover, (xα)
unbounded order converges to x ( xα
uo
−→ x) provided that |xα − x| ∧ w
o
−→ 0 for each w ∈ E+.
For ample information regarding this type of convergence and the related expositions, see [4, 5].
Recall that a subset A of a Banach lattice E is said to be almost order bounded if for each
ε > 0 there is a positive u ∈ E such that A ⊆ [−u, u] + εBE , in which BE presents the closed unit
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ball of E. In addition, a Banach lattice E is order continuous if xα ↓ 0 implies that ‖xα‖ ↓ 0; it
is σ-order continuous provided that xn ↓ 0 results in ‖xn‖ ↓ 0. E is called a KB-space if every
increasing norm bounded sequence in E+, converges. Also, the norm of a Banach lattice E is said
to be sequentially Fatou or we say E has the sequential Fatou property whenever for every
increasing sequence (xn) ⊆ E+, xn ↑ x implies that ‖xn‖ ↑ ‖x‖. For more details, see [1].
2. main results
First of all, let us start with an elementary but useful fact.
Lemma 1. Let (X,Σ, µ) be a finite measure space and E be a Banach lattice. Then there exists
a topologically lattice isomorphism from E into B(X,E, µ).
Proof. Define T from E into B(X,E, µ) via T (x) = fx in which fx : X → E is determined by
fx(w) = x. fx is a simple function so that strongly measurable. Also, ‖fx‖ =
∫
X
‖fx(w)‖dµ =
‖x‖µ(X). This shows that T is topologically isomorphism. Indeed, T (|x|) = |T (x)|. This would
complete the proof. 
The preceding lemma is fruitful in the sense that when B(X,E, µ) has a property which holds
on the lattice and topological structures, we can conclude that E has the same property, too. The
first application is included in the next lemma. A variant of the following result has been obtained
in [3, Page 3, Proposition].
Lemma 2. Let (X,Σ, µ) be a finite measure space and E be a Banach lattice. Then E is order
continuous if and only if so is B(X,E, µ).
Proof. The direct implication has proved in [3, Page 3, Proposition]; since order continuity of a
Banach lattice is equivalent to the weak compactness of order intervals. For the other side, use
Lemma 1. 
Now, we establish a σ-order continuous version of Lemma 2.
Lemma 3. Let (X,Σ, µ) be a finite measure space and E be a Banach lattice. Then E is σ-order
continuous if and only if so is B(X,E, µ).
Proof. Suppose E is σ-order continuous and (fn) is a sequence in B(X,E, µ) with fn ↓ 0. This
means that for a.e. w ∈ X , we have fn(w) ↓ 0. Therefore, by assumption, ‖fn(w)‖ → 0. Now, by
the monotone convergence theorem, we have ‖fn‖ =
∫
X
‖fn(w)‖dµ → 0. For the other side, one
can apply Lemma 1. 
Let us recall [7, Proposition 2.6].
Proposition 1. Assume that (X,Σ, µ) is a measure space and E is a σ-order continuous Banach
lattice. Suppose (fn) is an increasing norm bounded sequence of Bochner integrable functions such
that fn → f for a.e. w ∈ X. Then f is also Bochner integrable and
∫
X
fndµ→
∫
X
fdµ.
In Proposition 1, σ-order continuity is essential and can not be removed. Consider the following.
Example 1. SupposeX = [0, 1] with the Lebesgue measure and E = ℓ∞. For each n ∈ N, consider
fn : X → E via fn(t) = (t, . . . , t, 0, . . .), in which t is appeared n times. Clearly, fn(t) ↑ f(t), in
which f(t) is the constant sequence t. Suppose αn =
∫
X
(fn−f)(t)dµ. Assume that πi is the linear
operator on E defined via πi((xn)) = xi. Certainly, for each n, there is an i with i > n. Since πi
is continuous, by using Bochner integral properties, we have
πi(αn) =
∫
X
πi(0, . . . , 0, t, . . .)dµ =
∫ 1
0
tdt =
1
2
.
So that αn 9 0.
Now, we extend Proposition 1.
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Theorem 1. Suppose (X,Σ, µ) is a finite measure space and E is a σ-order continuous Banach
lattice. In addition, assume that (fn) is an almost order bounded sequence of Bochner integrable
functions from X into E such that fn
uo
−→ f . Then, f is Bochner integrable and
∫
X
fndµ→
∫
X
fdµ.
Proof. First note that by assumption, for a.e. w ∈ X , fn(w)
uo
−→ f(w). By [5, Proposition 3.7], we
observe that fn(w) → f(w) in norm. Thus, by [7, Theorem 1.26], we conclude f is also strongly
measurable. Since the sequence (fn) is bounded, for each fixed w ∈ X , by [5, Lemma 3.6], we have
‖f(w)‖ ≤ lim inf ‖fn(w)‖ <∞. Using the Fatou’s lemma, yields the following.∫
X
‖f(w)‖dµ ≤
∫
X
lim inf ‖fn(w)‖dµ ≤ lim inf
∫
X
‖fn(w)‖dµ <∞.
So, we conclude Bochner integrability of f . Consider this point that by Lemma 3, B(X,E, µ) is
also σ-order continuous so that another application of [5, Proposition 3.7] yields the following.
‖fn − f‖ =
∫
X
‖(fn − f)(w)‖dµ→ 0.

Furthermore, when we utilize order convergence instead of uo-convergence, we can omit almost
order boundedness assumption.
Corollary 1. Suppose (X,Σ, µ) is a finite measure space and E is a σ-order continuous Banach
lattice. In addition, assume that (fn) is a bounded sequence of Bochner integrable functions from
X into E such that fn
o
−→ f . Then, f is Bochner integrable and
∫
X
fndµ→
∫
X
fdµ.
Furthermore, Almost order boundedness in Theorem 1 is also necessary and can not be omitted
as the following example shows.
Example 2. Suppose X = [0, 1] with the Lebesgue measure and E = L1[0, 1]. Assume that
fn(t) = δn in which δn is defined as follows: on the interval [0,
1
n
], n and zero otherwise. Clearly,
‖δn‖ = 1. Observe that δn ∧ 1 ↓ 0 and the constant function 1 is a weak unit for E so that by [4,
Corollary 3.5] δn
uo
−→ 0. But,
∫
X
fndµ =
∫
X
δndµ = 1. Note that (δn) is not almost order bounded
since it is not uniformly integrable ( see [2, Theorem 5.2.9] for more details).
Theorem 2. Let (X,Σ, µ) be a finite measure space and E be a Banach lattice. Then E is a
KB-space if and only if so is B(X,E, µ).
Proof. Suppose E is a KB-space and (fn) is an increasing norm bounded positive sequence in
B(X,E, µ). This means that
∫
X
‖fn(w)‖dµ ≤ M ; for some M ∈ R+. Note that the sequence
(
∫
X
‖fn(w)‖dµ) is also increasing and bounded so that converges to some α ∈ R. This results in∫
X
(‖fn(w)‖ −
α
µ(X) )dµ → 0. Note that the sequence (‖fn‖) ⊆ L
1(µ) is increasing and norm con-
vergent so that order convergent to the same limit. This, in turn, implies that it is a.e. convergent.
Thus, (fn) is a.e pointwise convergent so that pointwise bounded. Therefore, (fn(w)) is a bounded
increasing sequence in E. By assumption, it converges. Assume fn(w) → αw. Define f : X → E
via f(w) = αw. Since, f is the pointwise limit of (fn), it is strongly measurable. In addition, since
fn(w) ↑ f(w) for a.e w ∈ X , by Proposition 1, f is also Bochner integrable. Now, by the usual
monotone convergence theorem, ‖fn − f‖ =
∫
X
‖(fn − f)(w)‖dµ→ 0, as claimed.
For the converse, again, consider Lemma 1. 
Theorem 3. Let (X,Σ, µ) be a finite measure space and E be a Banach lattice. Then the norm
of E is sequentially Fatou if and only if so is B(X,E, µ).
Proof. Suppose E has sequentially Fatou property and (fn) is a positive sequence in B(X,E, µ)
with fn ↑ f . This means that for a.e. w ∈ X , fn(w) ↑ f(w). By assumption, ‖f(w)‖ =
sup{‖fn(w)‖}. On the other hand, ‖fn(w)‖ is also a bounded increasing sequence in reals such
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that ‖fn(w)‖ → ‖f(w)‖; in another way, ‖f(w)‖ = sup{‖fn(w)‖} = lim ‖fn(w)‖. Thus, by the
usual monotone convergence theorem,
∫
X
‖fn(w)‖dµ→
∫
X
‖f(w)‖dµ. This means that∫
X
‖f(w)‖dµ =
∫
X
sup{‖fn(w)‖}dµ = sup{
∫
X
‖fn(w)‖dµ}.
Thus, ‖f‖ = sup{‖fn‖}, as desired.
For the converse, one can utilize Lemma 1. 
Question. We do not know whether Theorem 3 is valid if the norm is Fatou. Recall that the
norm of a Banach lattice E is called Fatou if for every positive net (xα) with xα ↑ x, we have
‖xα‖ ↑ ‖x‖. Of course, when B(X,E, µ) is Fatou, the above argument may apply to show that so
is E but for the other side, the above trick would not work. Nevertheless, we have seen in Lemma
2 that under a bit stronger condition ”order continuity” both directions hold.
Theorem 4. Suppose E is a Banach lattice. If the dual of B(X,E, µ) is order continuous, then
so is the dual of E.
Proof. Suppose the dual of B(X,E, µ) is order continuous but E′ is not. So, E contains a lattice
copy of ℓ1. By Lemma 1, we conclude that B(X,E, µ) also contains a lattice copy of ℓ1 which
contradicts our hypothesis. 
Note that converse of the preceding theorem is not true, in general. Put X = [0, 1] with the
Lebesgue measure and E = R. Indeed, E′ is order continuous but certainly not the dual of L1[0, 1].
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